Math 2401 Quiz Four Solutions

1. Find the minimum distance between the curve y = x? and the point (0, a), where we know that
a>0.

We smply want the minimum of f(x,y) = x>+ (y—a)? subject to the constraint
g(x,y) = y—x? = 0. Using the method of Lagrange, we want to solve

Vi = AVg
g=0
Or,
2X = —2XA
20y—a) =1
y=x
From the first of these equations, we can have x = 0. In this case, the last equation tells us that
y = 0, dso. Thus, (0,0) isapossbility.
Next, suppose x # 0. Then the first equation tells us that A = —1. Substituting this into the second
equation yields 2(y—a) = -1, or y=a— % Now the last equation tells us that there are no
solutionsif y = a— 4+ < 0, orif a < 2. Thus, for a < 1, thereis only one possibility, (0,0). For
values of a < %, this is the closest point, and so the distance between the curve and the point
(0,a) is Jf(0, O) = a.(Remember, f(x,y) isthe square of the distance!).
Now, for a > =, the third equation tells us that x = /a— =,andx =-— a— =.So,whena> =
we have three posﬂbleclosest points, (0,0), (Ja— L ,a 1) and ([fa-<,a- —) We need to
substitute back into f(x, y) to see which gives the smallest value:

f(0,0) = a?
f( a—la—l)—a % %za—%
f(- a—l a——)—a ‘11
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Fora> 3, we know that a-y<a . Thus the minimum distance in thiscaseis /a—j.

2. Thetragjectory of aparticle in space is described by
r(t) = (cost— 3)i + (sint— 4)j + 10k, and the temperature in space is given by
T(X,y,2) = X2 +y? + z2. Find the hottest point on the trgjectory.

The temperature of the particleis given by T(r (t)). To find possibilities for a minimum, we look at
al placesat which 4 T(r(t)) = 0. Thus,

L10®) =VIe®) r'® =0
Now,
VT = 2Xi + 2y + 22K,
and so



VT(r(t) «r'(t) = [2(cos - %)i +2(sint— %)j + 20k} « (=sinti + costj) =0

— costsint + % +sintcost — %St =0
cost = sint

. Thishappenswhen tant = 1,0r t = Z- + kr, k = 0,+1,%2, ... Our candidates for points at which
the minimum occurs arethusr (4-) andr (4 + ) = r(%”).

Now,
B 1 1 1
r(%)_(f_7)|+(f_7)1+10k
and,
5ty _ 1 1\ 1 1
r(%)_(—f—7)|+(—f—7)1+mk
Findly,
2 2
Tr(£) = %—%) +(J1— —%) +10°
:2(%—%ﬁ)+1oo
and

is the hottest point on the trgjectory.

3. Find the Taylor polynomia at (0, 0) of degree < 2 for the function f(x,y) = e¥ sinx.

We know that
2
1({n0 0
o(h,k) = f(0,0) + (hi + ki)f + —(h— + k—) f
OX oy / log 2\ 0X oy ©0)
Let’s compute al these partia derivatives:
O _ exeosx, AL = 2e¥snx,
OX oy



ok P
— = —e“9Nnkx,
OX?

0°f

O _ gy g
OBy 4e?Y 9nx

= 2e¥ cosX, =
X o
Now, evaluated at (0, 0), these become:

of _ o _
OX 1, and oxoy 2

All the others are zero. Thus,

p(h,k) = h+ %(2. 2hk)
= h+ 2hk,

4. The average value of f(x,y) on the region A is 20, and the average of g(x,y) on A is —4. If
[[f(x y)dA = 7, thenwhat is [[ g(x, y)dA? Explain,
A A

If X isthe average of f(x,y) on A, then

[[fx y)dA
X=2 __ _ or
areaof A
20-—1
areaof A
Thus, areaof A= -~
Next, we know the average of g(x,y) on Ais—4. Thus,
[facxydA  [[g(x y)dA
A A

aeaofA  1/20

Hence,

jAj g y)dA = (-4 = —L.



