Math 2401 Quiz6  Solutions

1. Give one iterated integral for the integra f f xsin(xy)dA, where Q is the part of the region inside
Q

the circle x? + (y—1)2 = 1 that is above the curve y = 5x2. Also give a Maple command for
evaluating the iterated integral.

Asaways, begin with a picture:

o
Next, let’s see where the two curves intersect. If y = 5x? and x? + (y— 1)? = 1, smply substitute
x2 = y/5 into the second of these equations:

X2+ (y-1)2 = %+(y—1)2= 1, or
%+y2—2y+1=1,

Y2 -2y =yy-2)=0

The curves thus meet where y = 0 (obviously) and where y = 2. Now wheny = 2, we have
x? = yI5 = —=. Thetwo interesting intersection points are thus (-2, 2) and (2, 2
Now,

35 14/1x2
j j xsin(xy)dA = j j xsin(xy)dydx.
Q -3/5 5x2

A Maple command to compute this:
int(int(x*sin(x*y),y=5*x"2..1+sqrt(1-x"2)),x=-3/5..3/5);

2. Consider the integral
J. J. J. (xy + z2)dV,
T

where T is the solid bounded below by z = —2 and above by z = — /x? + y2.
a)Give an iterated integral for thisin which the first integration is with respect to z.

Asaways, apicture:



The projection of this onto the x-y plane is simple the circular region C: /x? +y? < 2. Thus
J.”(xy+zz)dV=” I (xy +2z?)dz |dA
T C -2

2 Jay? - ay?
_ J' J' I (xy + z2)dzdxdy, or
2

2 aF 2
2 a2 —+y?

- J' I I (Xy + z%)dzdydx, or
Z_W -2

r

2 _
I I(rz cosfsing + z?)rdzdrdd
0-2
integrate first with respect to x.

o3

b)Now give an iterated integral in which w:

Here we project onto the y-z (or x = 0) plane, and weseez = — Jy? = |y}

-1 Y

-0.5]

-1.5]

Thus,
W
J.”(xy+zz)dV=” I (xy +2z?)dx |dA
T L7
0 -z VZ-Y?
= I I I (xy + z%)dxdydz
2% o

3.LetF(X,y,2) = xi + (X+Y)] +Kk.
a)Find the integral of F from (1,0,0) to (1,0, 27) over the path



r(t) = costi + sintj +tk, 0 <t < 2r.

F(r(t)) = costi + (cost + sint)j + Kk,
r'(t) = —sinti + costj + k.
2n
_[F-dr - J.F(r(t)) o r'(t)dt
P 0
2n

= I(—sintcost + cos?t + costsint + 1)dt

0
2 2

-1
= I 2(1+cos2t)dt+'|.dt
0 0
=+ 21 = 3.

b)Find the integral of F along the straight line segment joining (1,0,0) and (1,0, 2x).

r(t) =i+tk,0<t<2r. Thus F(r(t)) =i+j+k,andr’(t) = k. Hence,
2n

_[F-dr - J.F(r(t)) o r'(D)dt
L 0
2r

=J.dt=27r.
0

4. Find afunction g such that
Vg = (YZ+ 2Xy + Y2)i + (X% + Xz + 2xy + 1)j + (22 + xy)k

% = yz+2xy +Yy?, and so
g = xyZ+Xy +xy* + 9(y,2)

Now then

9 _ XZ + X? + 2%y + a—‘p(y,z) =x2+xz+2xy+1,0r

oy oy

g—;’;(y,z) =1,and so
o(y.2) = y+ A2).

Thus,

g = Xyz+ X2y + Xy? + ¢(y,2) = Xyz+ X2y + Xy? +y + AM(2).
Now,



% =Xy+A'(2) = 2z+xy, or
AM(2) = 2z
Thus, A(2) = 22, and we have
g =Xyz+Xy+Xy* +y+A(2)
= XyZ+ X2y + Xy? + Y + Z°



