Math 4581 Final Examination Spring 2001- Solutions

1. In the space of &l continuous real-valued functions on the interval [0,1] with the inner product
1

(f,9) = [f(x)g(x)dx, let V be the space spanned by {1, /X }.
0

a)Find an orthogonal base for V.

Use Gram-Schmidit:
Letu, = 1. Then
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b)What is the dimension of VV? Explain.

The above collection is a base for V. It spans, and being orthogonal, it is independent. It contains two
items, so the dimension of Vis 2.

c)Find the projection of x onto V..

(X,u1) Ur + (X,U2) u

proj(x : u,uz) = (Up,u) - (Uzu) >

Now,
1

(X,uy) = J.xdx = %
0
(Ug,u)) =1
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(X, Uz2) = J.x(,/_ —%)dxz 1
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(Uz2,Uz) = J.(‘/Y - ;)de -1
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Findly,

proj(x : ug,Up) = % 1—8(,&—%)
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e)Find an element g in V such that
1

1
900 - x%dx < [[fx) - €277
0

0

forall finV.

Thisis, of course, smply the projection of x onto V, and we have just found this to be

proj(x : uz,upz) = —% + %ﬁ

2. Let

f(x) = —+—
® X2 +1

Let c(x) be the limit of the Fourier cosine series for f on the interval [0, z]; let s(x) be the limit of the
Fourier sine series for f on [0, 7]; let C(X) be the limit of the Fourier cosine integral for f; and let S(x)
be the limit of the Fourier sine integral for f. Sketch the graph of each of the functions c(x), s(x), C(x),
and S(x) on theinterva [-3r, 37].

For your viewing pleasure, here is a picture of f:

c(x) : even periodic extension of f on [0, 7] :
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S(x) : odd periodic extension of f on [0, 7] :
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C(x) : even extenson of f (Thisissimply f sincef is even.)
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S(X) : odd extension of f to entirereal line:
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3. d)Find al eigenvalues and corresponding eigenfunctions:

@"(X) = —A2p(X)
¢'(0)=¢'(n) =0

Fori+=0:



o(X) = AcosAx + BsnAx
@'(X) = A(-ASNAX + BcosAx)
¢'(0)=AB=0
ThusB = 0sinceA = 0. Then
¢'(r) = —AAsinAr = 0

Thus, as happens so often, we have A, =1,23,..., with corresponding egenfunctions
@n = COSApX = COSNX.

Now, what about 1 = 0? In this case, our differential equation becomes ¢" (x) = 0. Thus
p(X) = Ax+ B, and
') =A
Hence ¢'(0) = A = OmeansA = 0. So 1o = 0isalso an eigenvalue with eigenfunction ¢ = 1.

4. Solve:

Ug—Ut =0,0<x<mt>0
Ux(0,1) = ux(m,t) =0
u(x,0) = 5+ cos2x, and u(x,0) = 1.

From Problem 3, we know to let
uxt) = ao(t) + Z an(t) cOSNX.
n=1
The equation becomes

Uxx — Uy = —an(t) + Z[—nzan(t) —an(t)]cosnx = 0.
n=1

Then —n?a,(t) — an(t) = 0 givesus an(t) = a,cosnt + bysinnt for n > 1 and ao(t) = apt + bo. Hence

U(x,t) = aot+bo + M _[ancosnt + by sinnt] cosnx

n=1
Now,
U(x,0) = bo + D _ ancosnx = 5+ cos2x
n=1
Thus, by = 5,a, = 1, and a, = Ofor al other n.
Next,

U(x,0) = ag+ Y bycosnx = 1

n=1
Thistellsusthat ag = 1 and b, = O for adl n. The solution to our problemsis therefore



u(x,t) = t+ 5+ cos2tcos2x

Finis



