Math 4581 Quiz Two April 18, 2001

You may use any books, notes, tables, calculators, or computers you wish. Be sure and write so that someone other than
yoursalf can understand your exposition. Please do not return this sheet. Fortuna vobiscum.

1. Find dl values of u for which the boundary value problem
0" (¥) = up(x)
¢'(0) = ¢'(x) =0

has nonzero solutions, and for those values, find the corresponding solutions.

The form of the solutions to our equation ¢ — ue = 0 depend on the sign of u. First, suppose i > 0.
Then

»(X) = Acoshx /i + Bsinhx /i
Thus
o' (¥) = Ju (Acoshx /i +Bsinhx /i ), and o
¢'(0) = JuAcosh0 = JuA = 0.
We have assumed u > 0, and so we must have A = 0. Thisresultsin
¢'(X) = JuBsinhx/u,
and the other boundary condition becomes
¢'(r) = JuBsnhz /1.

But thisis possible only if B = 0. Hence there are no nonzero solutionswhen g > 0.
Now suppose u < 0. Then letting u = —A2 we get

o(X) = Acosix + BsnAx, and
@' (X) = A(-ASINAX + BCOSAX).
Next,
»'(0)=AB=0
means we must have B = 0 since 4 > 0. So,
¢'(r) = —=AsinAr = 0.

Since A = 0, we must have A, = n, n = +1,#2 +3,....The values of u for which there are nonzero
solutions are thus

Un=-A3=n’n=123,....
The coressponding solutions are
on(X) = Acosnx.
Now, what about the remaining possiblity, u = 0? Here we have



0" (X) =0, or
p(X) = Ax+ B.
The requirement that ¢'(0) = ¢'(r) = 0 meansthat A = 0 and s0 ¢o(X) = B, aconstant.

2. Find u(x, t) such that
U — U =0,0<x<m,t>0
Ux(0,t) = ux(z,t) =0
u(x,0) = f(x).

It should be clear from the result of Problem 1 why we assume

uix,t) = ao(t) + i an(t) cosnx.

n=1
Thus,
U — Up = —ag(t) + Z[—nzan(t) —an(t)]cosnx = O.

n=1

Thus
—ag(t) =0, and
—n2an(t) —an(t) = 0.

Hence,

0o = g

an(t) = ae™,

and so

o0
u(x,t) = ag+ »_ ane " cosnx.
n=1

The constants are determined from the initia condition:

uix,0) = ap + Z ancosnx = f(x).
n=1

Thisis smply the Fourier cosine series for f. Hence

ag = % J. f(x)dx,
0

an = % f(x)cosnxdx, n = 1,2,3,...

Oy

3. Find



lim u(x,t),

t—o0

where u(x, t) isthe solution of the previous problem with f(x) = x?(x — r).

Thisis easy.
lim u(x,t) =lim [ao +) ane ™ cosnx}

t-oo t-o0 =1

= aop.
But

ap = % J.f(x)dx = % Ixz(x—n)dx = —7{—;.
0 0

Finis



