Homework - February 28 - Solution

Find u such that
Ux—U =0,0<x<mt>0
u(0,t) =0, u(z,t) =t
ux0) =0

We need a problem in which we have homogeneous boundary conditions, so let w(x,t) = u(x,t) — 2t.
Then we have

Wi — We = Ug — Ug + = = X

w(0,t) = u(0,t) = 0, and wW(z,t) = u(r,t)-t=t—t =0.
w(X,0) = u(x,0) =0

Asusual, we look for asolution w(x,t) = > an(t)Sinnx:
n=1

Wi — Wi = D _{-n%an(t) — ap(t)} sinnx = X
n=1

Next, | hopeit is clear why we need the Fouier sine series for x.

o0
X = ansinnx,
n=1

f +1 +1
where b, = % Ixénnxdx _ %( n(—%‘)” ) _5 (_1r)|n
0

Thus,

0

i{—nzan(t) —ap)ysnnx = X = "2 =
n=1 =

1

1n+1 .
70 Snnx,

Or, making one big series:

(—nlr%” snnx = 0.

i{—nzan(t) —ap(t) +2
n=1

Now we must cope with the differential equation



— n2an(t) - ap(t) + 2530 — 0, or

ah(t) + nZan(t) = 25D

To solve this, mulitply by the integrating factor " :

Thus,

and so

We' re amost there:

Finally, the initial condition:

Hence,

and the whole gory messis

At last!

e”t[an(t)+n an(t)] = 2( 1) e or

dt (ent n(t)) =2 _1) enzt

- )

e"t + A,

e” n()_2

_ n
an(® = 2530 + Ae
T

WX t) = ) an(t) Sinnx
n=1
© n
_ (2 (;2 + Ane‘”zt) sinnx
n=1

0

W(x,0) = 2(2 (;:lg +An)sinnx ~0
n=1
An = _2 (_12 )
Tn

WX, t) = % Z (—nla)”
n=1

(1-e™) sinnx.



u(x,t) = wix,t) + 2t, or

X (_1\n
u(x,t) = %Z (n3) (1-e™)sinnx+ Xt, or
n=1

X /_1\n
ux,t) = % > ( nla) (1-e™ —n?t) sinnx
n=1

Let’stake alook at some pictures. First, let’s plot u(x,t) for an increasing sequence of values of t:
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