Homework Solutions, Wednesday, March 28

Let u(r,0) bethe solution to

V2u=0, -7 <0<r1,0<r<c
u(c,0) = g(9).

1. Show that the value of u at the center of the disc, u(0,0), is the average of the values of u on the
boundary of the disc.

We know that
u(r,0) = ao+ Y _[anr"cosnd + byr"sinng], where
n=1
g = % j g(6)de, and
_ 1 _ 1 :
an = —@ J. g(0) cosnAdl, and b, = o J. g(0) sinngdo
Thus,

u0,0) = ap = % J. g(6)de, the average of g on the boundary.

2. Show that the value of u at the center of the disc, u(0,6), is the average of the values of u on any
circler=a<c.

Simply compute the average of u onthecircler = a :
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3. Use the result of Problem 2 to show that if V2u = 0 on some region R, then the maximum and
minimum values of u must occur on the boundary of u.

Suppose the maximum value of u on R occurs a some interior point p. Then thereisacircle C
centered at p that is completely in the interior of R. Since the maximum occurs at p, and we know that
this maximum value is the average of the values of u on the circle, it follows that u must be constant on
C (See below for a proof.). The same is true for any concentric circle of smaller radius, and so we
conclude that u is constant on the disc bounded by C.

To see that u is constant on all of the region R, let g be another point in the interior and join p and
g with an arc. We then then construct a sequence of overlapping discs, on each of which u is constant.
Since the discs overlap, the constant must be the same for each disc. Thus u(p) = u(q), and we are
done.

| hopeit is clear how to show u is constant in case a minimum value occurs in the interior of R.

Theorem. Suppose f is a continuous function defined on the interval [a, b], and let M be the maximum
value of fon [a,b]. If the average of f on [a,b] isM, then f(x) = M for dl x € [a,b].

Proof: If f(x) < M for any point in [a,b], then thereisa z, witha < z < b so that f(z) < M. But f
is continuous and so thereisa o such that f(x) < Mforal z—6 < x < z+ 6.Now,
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Notethat | f(x)dx < M(z—5-a), [ f(x)dx < M3, and [ f(x)dx < M(b—z+ ). Hence
a z-6 7+8



z-5 7+6 b
M = ﬁ|: J. f(x)dx + J. f(x)dx + J. f(x)dx:|

a o) 7+0

< bia[M(z—S—a)+M26+M(b—z—6)] = M.

Thus M < M, a contradiction, and so it must not be true that there is any point at which f(x) < M. In
other words, f(x) = M for al x € [a,b].



