Chapter One - Linear Spaces

Definition. A linear space is a collection V of complex (real) vaued functions al having the same
domain such that (i) if f and g are members of V, then so alsoisf + g; (ii) if fisamember of V and « is
ascalar, then af is also amember of V. [scalar means complex number in case the members of V are
complex valued and means real number in case the members of V arereal valued.]

Example. The usual Euclidean n-space R" consisting of the set of al n-tuples (x1,X2, ...,Xn) of red
numbers is a linear space. Here we interpret an n-tuple as a function whose domain is the set of
integers {1,2,...,n}.

Exer cises. Which of the following sets of functions are linear spaces?

1. All continuous real valued functions defined on the interval [0, 1].

2. All functions defined on the redl line and having afinite number of discontinuities.
3. All functions defined on the redl line and having exactly one discontinuity.

4. All functions f defined on the real line such that f(0) = 0.

5. All functions f defined on the real line such that f(0) = 1.

Definition. If V isalinear space and W < V isaso alinear space, then we say W is a subspace of
V.

Example. LetV = RZand let W = {(x,y) € R? : 3x— 2y = 0}. Then W isa subspace of V.

Exercises.

6. Let V be the set of al polynomias(real) of degree < 5, and let W be the set of all polynomias(real)
of degree < 3. IsW a subspace of V?Explain.

7. Describe all subspaces of R*.

8. Suppose U and W are both subspaces of V. Is the intersection U N W necessarily a subspace of V?
Explain.

Definition. If f1,fo, ..., f, are members of alinear spaceand a1, ..., a, are scaars, then the function
aifi + asfy +...+anfy iscdled alinear combination of the functions.

Definition. Suppose V isalinear space and A < V. The span of A isthe set of dl linear combinations
of elements of A.

Proposition 1.1. If A c V, then the span of A isasubspace of V.

Definition. If W is a subspace of the linear space V and A is a subset of V such that W is the span of
A then Aissaid to span W.

Example. In the linear space of al continuous real valued functions, the span of the functions 1, x, x2
isthe set of al polynomials of degree < 2.



Exercises.

9. Inreal Euclidean space R3, describe the span of (1,1,1),(1,2,3),and (2,3,4).

10. Is the function sin®x a member of the span of the collection 1, cosx, cos2x, cos3x ?

Explain.

11. Show that the collection of al solutions of the differential equation y” + 3y’ +2y = 0 is a linear
space and find afinite collection of functions which spans this space.

Definition. A set {f1,f,,...,fn} of functionsin alinear spaceislinearly dependent if there are scalars
a1,02...,an, NOt Al zero, such that a1f; + axfz +... +anfy = 0. A set that is not linearly dependent is
said to be linearly independent. An infinite collection is said to be linearly independent if every finite
subcollection is linearly independent.

Proposition 1.2. A set {f1,f,,...,f,} islinearly dependent if and only if one of the functionsis alinear
combination of the others.

Definition. Suppose V is a linear space. A linearly independent set A — V that spans V is caled a
basefor V.

Proposition 1.3. If the linear space V has a base consisting of exactly n elements, then every base for
V consists of exactly n elements.

Definition. If the linear space V has a base consisting of n elements, then V is said to be finite
dimensional and n is the dimension of V. A space that is not finite dimensional is said to be infinite
dimensional.

Example. Inrea Euclidean space R", the collection {(1,0,...,0),(0,1,0,...,0),...,
(0,0,...,1)} isabase.

Another example. The space of al real polynomials of degree < nisfinite dimensional.
Exercises.

12. Let V be the linear space spanned by the functions {e*,e™*, coshx, sinhx}. Find a base for V. What
isthe dimension of V?Explain.

13. What is the dimension of the space described in Exercise 9? Explain.
14. Isthe space of dl real polynomiasfinite dimensiona? Why?

Proposition 1.4. Suppose the dimension of V is n. Then any linearly independent collection of n
elements of V isabase, and any collection of more than n elementsis linearly dependent.

Proposition 1.5. Suppose the dimension of V isn. Then any collection of n elementsthat spansV isa
base, any collection of fewer than n elements does not span V.



Proposition 1.6. Suppose {ui,Uz,...,Un} is a base for V. Then any element v € V can be written
uniquely asv = a1U; + a2Uz +...,apUn. Thescaarsag,ay, ..., an are caled the coor dinates of v with
respect to the given base.

Example. Let V be the space spanned by the set {e*,e™}. This collection is linearly independent and
soisabasefor V. The coordinates of coshx with respect to this base are (1/2, 1/2):

_ ef+e* :l x , 1 x
coshx = 5 2e+2e.

Exercises.

15. a)Show that the set B = {1 — x2,1 + x2} islinearly independent.
b)Show that 5 — 2x? isin the space spanned by B, and find its coordinates with respect to B.
16. Find a base for the space of al solutions of the differential equationy” +y = 0.



