Chapter Three - Fourier Series

Definition. If f isintegrable on the interval [—r, 7], the series

% + Z::(akcoskx+ by Sinkx),

k=1
where

ag = % J. f(t) cosktdt, and

b = £ [ f(tysinkidt

is called the Fourier Series associated with f.

Proposition 3.1. With respect to the inner product (f,g) = j f(x)g(x)dx, the sequence

T = {1, cosx,Sinx, cos2x,sn2x,cos3x,9n3x, ...
is an orthogona sequence.

Exercise.

1. In the space of nice functions with the inner product defined in Proposition 3.1, find the projection of
f onto the space spanned by T, = {1, cosx,Sinx,...,cosnx,SNnNX}.

Definition. Suppose f is areal valued function and a is areal number. If the derivative f' existsin an
interval [a— g,a) and the limit of f'(x) as x — a from the left exists, we cal this limit the left-hand
derivative of f at a. Thislimit is traditionally denoted by f'(a -).

Exercise.
2. Guess the definition of the right-hand derivative f'(a +) of afunction f at at the point a.

Theorem 3.1. If fisafunction of period 27, then its Fourier series converges to %[f(x +) +f(x-)] a
every point x at which it has both a right-hand and a left-hand derivative.

Example. Let’ s find the Fourier series for the function f(x) onthe interval [-r, 7] :

a = % If(t) cosktdt = % Itcosktdt =0,
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Now, what does the limit of this series look like? We smply apply Theorem 3.1 to the periodic
extension of f. Thisresultsin

Exercises

4. Find the Fourier seriesfor f(x) = x? ontheinterval [-r, ] and sketch the graph of its limit.

-1 x<0
f(x) =
) { 1 x>0

Find the Fourier seriesfor f on the interval [, 7] and sketch the graph of its limit.

5. Let

Definitions. If fisintegrable on the interva [0, 7], the series
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% n Z ay Coskx
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where

ai = 2 [ f(x) coskudx
0

is called the Fourier cosine seriesfor f. The series



> bisinkx
k=1
where

bi = -2 [ () sinkoxax
0

is called the Fourier sineseriesfor f.

Observations. The Fourier cosine series for f isthe Fourier seriesfor T, where

?(X):{f(—x) —7r§x<0.

fix) 0<x<n

The function T is called the even extension of f to the interval [—r, 7].
The Fourier sine series for f isthe Fourier series for T, where

T { —f(—x) -7 <x<0 .

fx) 0<x<nx

The function T is called the odd extension of f to the interval [-7, 7].

Example. Let f(x) = 7 — X, for 0 < x < z. The even extension to the interva [—r, 7] isthen

~ r+X if -7 <x<0
f(x) = .
T—x IfOo<x<nrn

A picture:

The odd extension looks like



Exercise
6. Find the cosine series for f(x) = = — X, for 0 < x < 7 and sketch the graph of its limit on the interva

[-3m,31].

7. Find the sine series for f(x) = 7 — X, for 0 < x < 7 and sketch the graph of its limit on the interval
[-3m,31].



