Chapter Four - Differential Equations |

Consider the problem of finding u(x,t) for 0 < x < 7 andt > 0, such that ux(X,t) — ui(x,t) = 0,
subject to the conditions u(0,t) = u(r,t) = 0, and u(x,0) = f(x). This partia differential equation isan
example of the celebrated heat equation. A physical model for the problem here is the temperature
distribution at time t in arod of length 7 in which the ends are constantly held at 0°, and the initial
temperature distribution u(x, 0) is specified to be f(x).

Recall that for alinear function (or "operator”) in finite dimensiona spaces, there are times when
we can find a base for our space with respect to which the operator becomes very simple. Specificdly,
if the linear operator is represented by the matrix A, if there is an orthogonal base consisting of
elements {vi,Va,...,Vn} such that Av; = ujv;, then for any element X = aivi + axVs +... +anVn, We
have AX = pia1vi + poasVo +... +unanVn The numbers u; are usualy caled eigenvalues and the
corresponding vectors v; are caled eigenvectors, or eigenfunctions. Now, what does this have to do
with our problem at hand? Well, here we seek something similar in the infinite dimensional case for the
linear operator Lo = ¢" on the space of all twice differentiable functions such that ¢(0) = ¢(z) = 0.
Our original partial differential equation can then be turned into a simple easy to solve collection of
ordinary differential equations. Let’s see what we' re talking about.

Consider the problem of finding nonzero ¢ such that Lo = u¢, where L is the linear operator on
the space of twice differentiable functions on [0, 7] which vanish at 0 and 7 defined by Lo = ¢". We
are thus faced with the boundary value problem

¢" —up =0,
() =) =0

We recall from Mrs. Turner’s calculus class that any solution of this equation looks like
p(X) = Ae"VF + BeVE,
If /i isred (in other words, if 4 > 0, then ¢(0) = ¢(7) = 0 gives us the two equations

A+B =0, and
Ae™/i + Be"VE = Q.
Or,
A(e"VF —e ™/l = 2Asnhr Ju = 0.

This can happen only if A= 0, or snhz /i = 0. If A= 0, then B = 0 dso, and we have no nonzero
solution. If sinhz /it = 0, then it must be true that = /it = 0, or, u = 0. This aso results in only the
zero solution. We see then that for u > 0, there are no nonzero solutions to our problem. So what if
u < 0?Let's see. First, for convenience and to remind us that p < 0, let u = —A2. Then any solution of
the differential equationis



o(X) = ACosSAX + BsinAx.
The boundary conditions become

p(0) =A=0, and
o(r) = BanAz = 0.

Again, B = 0 resultsin only the zero solution, and so we must have sinAz = 0. Thus, Az = nz, where
n=+1+2,.... (Note that n = O does not give a nonzero solution to our differential equation.) We
have now found eigenvalues u, = —n?, and corresponding eigenfunctions ¢,(x) = sinnx. We have
found an infinite collection of eigenfunctions, and from our vast knogrvledge of Fourier series, we know

the collection is orthogona with respect to the inner product (f,g) = f f(x)g(x)dx.
0

Now back to our origina partial differential equation. We think first of the variable t are a

parameter and write u(x,t) = > an(t) Snnx. The equation becomes
n=1

o0 o0
U — Ug = Y —N2apg Sinnx— Y ap(t)sinnx = 0, o
n=1 n=1

= ) [-n2ang — ap(t)]sinnx = 0.

n=1
Now we need to have —n%a ) — an(t) = 0, or
an(t) = —N?ane
The solution to thisis easy:
an(t) = a,e™™, where a, isany constant.

Putting this back in the expression for u gives us

o0
ux,t) = D ae™tsinnx,
n=1

What are the constants a,? Simple! They come from theinitial condition u(x,0) = f(x):



ux,0) = Z ansinnx = f(x),
n=1
and we see that the a,, are smply the Fourier sine coefficients for f:
an = % If(x)sinnx.
0

Example. For the problem
Ux—U=0,0<X<mt>0;
u(0,t) = u(x,t) = 0,
u(x,0) = f(x), where

f(x)z{ X XxX<nrl2

T—X w2 <X

Then we have
o
Sn;nﬂ'
n2

an = %_ff(x)sinnx = %
0

Lettingn = 2k — 1 givesus

_ 4N (DMl S(2k-1)2t
ux,y) = — ——— e sn(2k — 1)x
T kZzll (2k-1)?

Let’s draw u(x,t) for a sequence of values of t starting at t = O:
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Looks like what one would expect!



Exercises
1. Solve

U —U =0 0<x<mt>0
u(o0,t) = u(r,t) =0
ux,0) = x(r — x),

and sketch the graph of u(x,t) for afew values of t.

What do we do if the boundary conditions are not homogeneous? In other words, suppose that
instead of specifying that u(0,t) = u(x,t) = 0, we want to have

u(o,t) = A(t), and u(x,t) = B(t).
The answer isremarkably simple. We define v(x,t) = A(t)(1 — x/7) + B(t)x, and let

W(X, t) = u(xt) — v(xt).

Then
Wi — W = Uxx — Vox — (U — Vi) = V4.
Also,
w(0,t) = u(0,t) — v(0,t) = A(t) — A(t) = 0, and
W(r,t) = u(z,t) — v(z,t) = B(t) — B(t) = 0.
Also,

W(X,0) = u(x,0) — v(x,0) = f(x) — v(x,0) = g(x)

We have thus turned our problem with nonhomogeneous boundary conditions into one with
homogeneous boundary conditions but with a nonzero ” source term” :

Wy — Wy = Vit
We look at an example of how this works. Just as before, we let w(x,t) = > an(t) Sinnx:

n=1

Uxx — Ut = Z—nzan(t)sinnx— Zag(t)sinnx =v; = A(t)(1-xnr) +B'(H)x
n=1 n=1



D [-n%ang - ap®)]sinnx = D by(t)sinx, or
n=1 n=1

i[‘“zana) —an(t) —ba(t)]sinnx = 0

n=1

Again, we have adifferential equation

a%ﬂ)*-nzan(ﬂ = bn(t)
What are the functions b, (t)? Well, we want

Vi(x,t) = A'(H)(1 - xIn) + B'(H)x = i bn(t) Sinnx.

n=1

Or,

A+ (B'(t) -AM)In)x = i bn(t) Snnx

n=1
The Fourier sine series for the function 1 is

0

1= % Z—l_cr?sn” snnx,
n=1

and for xis

o0
_ 2 Z - ;
X = A Tcosnﬂ'snnx
n=1

Thus,

A1)+ (B'(t) - A'(m)x = 2 i[A’ (t)-L=C9S0T . (B (1) — A' (1)) 3 cosnr | sinnx.

n=1

Hence,
bn(t) = A'()L=C0SNT | (B'(t) - A' (1)) 7Z cosnz

Example. Consider the problem



Ux— U =0,0<x<7t>0
u(0,t) = 0, u(r,t) = sint
ux0) =0

Let v(x,t) = 2 sint, and so we have w(x,t) = u(x,t) — = sint. Then

Wi — We = Uy — Ug + 5 COSt = = cost
w(0,t) = u(0,t) = 0, and W(x,t) = u(x,t) —sint = sint—sint = 0.
w(X,0) = u(x,0) =0

Asusua, w(xt) = > an(t)sinnx:
n=1

Wi —We = D {-N%an(t) — ap(t)} sinnx = X cost
n=1

Next, | hopeit is clear why we need the Fourier sine series for x.

o0
X = ansinnx,
n=1

f +1 +1
whereb, = % Ixénnxdx _ %( n(—%‘)” ) _5 (_1r)|n

0

Thus,

)n+1
costsinnx,

Z{—n an(t) — ap(t) > sinnx = —cost 22( 1

Or, making one big series:

i{ n*an(t) - a (t)+2( COSt}smnx_ 0.

n=1

Now we must cope with the differential equation

—Nn2ap(t) - an(t)+2( Ok cost = 0, or

ah(t) + n2an(t) = 2C80° cost



To solve this, multiply by the integrating factor " :

_1\n
e [an(t) + N2an(t)] = Z(ELraenzt cost, or

_1\n
%(e"ztan(o) = Z%en% cost.

Thus,

n2t _ (_1)n n2 n2t 1 N2t o
e"anp = 2 N n4+1e cost+—n4+1e snt | + An,

and so

an(t) = 2(_—1)n(n2 cost + sint) + A,e ™,
an(n* + 1)

We' re amost there:

wW(x,t) = ian(t)sinnx

= Z( nr?((n“l) (n?cost + sint) + A,e™ t) sinnx

Finally, the initial condition:

0

w(x,0) = Z(z(_—l)n(nz) +An) snnx =0
n=1

an(n* + 1)
Hence,
_2n=1D)"

an(n*+ 1)’

and the whole gory messis

w(x,t) = % i n((n“l) (n?(cost— &™) + sint) sinnx.
n=1

At last!



u(x,t) = w(x,t) + 2 sint, or

*© _1\n
uext) = % n((n4—1il)(n2(cost—e‘”2t)+sint)sinnx+ X sint
n=1

Let’'s take alook at some pictures. First, let’s plot u(x,t) for a sequence of values of t between 0 and
ml2 -

0.57

T T T T T T
05 1 1% 2 25 3
-0.57

Take alook now at some pictures for t between /2 and 37/2
u(x, 127/8)
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No surprises, | hope.

Exercises
2. Solve

Ux— U =0,0<x<7t>0
u(o,t) = 1, u(w,t) = 10
u(x,0) = 0.

Sketch the solution for afew values of t.



3. Solve
Ux—U =0,0<x<mt>0
u(0,t) =0, u(z,t) =t
u(x,0) = 0.

Sketch the solution for afew values of t.

Observation. It should be clear now how to handle a problem in which there is a source term:
U — Ur = F(X,1), etc.

Exercise

4. Solve
Uy — U =tSnx,0<x <7, t>0
u(0,t) = 0, u(z,t) =0
u(x,0) = 0.



