March 23

Consider the eigenvalue problem on the disc of radius c centered at the origin:

V2u = —u?u
u = 0 on the boundary of the disc

In polar coordinates,
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In the usual way, this leads us to the eigenvalue problem

" +2%9 =0, —n<0<n
o(-m) = ¢(m) and
¢'(-m) = ¢'(x)

We have seen that this problem has eigenvalues A2, where 1, = 0,1,2,..., with corresponding
eigenfunctions po = 1, ¢1n, = cosnd, and ¢, = Sinnd. We thus set

ucr,0) = ao(r) + i[an(r)cosne + Bn(r)snnd],

n=1

which substituted into the origina equation leads to
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Then we have the differential equations
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Thisis, of course, the celebrated Bessel’ s Equation. We know that all solutions look like

y(r) = Adn(ur) + BYn(ur),

where J, is the Bessal function of the first kind of order n and Y, is, not surprisingly, the Bessel
function of the second kind of order n. The function Y, is not niceat r = 0, and so B = 0. Hence

y = Adn(ur).

Putting these solutions back in the original expression for u(r,6) gives us

ucr,0) = ao(r) + i[an(r)cosne + fn(r)snnd]

n=1

= apJo(ur) + Y _[andn(ur) coSNO + bpJn(ur) iNng].

n=1
Now the requirement that u(c,8) = 0 tells us that we must have

aoJo(uc) = 0,
anJdn(uc) = 0, and
bndn(uc) = 0,forn=1,2,3, ...

Reflect on this system of equations. Clearly we can not have a nonzero eigenfunction u if dl the
coefficients a, and by, are zero. First, suppose ap # 0. Then we must have

Jo(uc) = 0.

In other words, uc must be a zero of Jo. There are infinitely many of these, cal them zyy, for
m=1,23,.... Let uom = Zom/c, for m=1,2,3,... .Now the remainder of the equations become
anJdn(omC) = andn(zZom) = 0 and bpJn(zom) = 0,n = 1,2,3,.... We know that J,(zom) # 0 and so it
must be true that a, = b, = 0, for n > 1. Thus the eigenfunctions corresponding to wom are Jo(tom).

Next, suppose we have a solution in which ax = O for some k > 1. Then we have the eguation
akdk(uc) = 0 and because ax + 0, it must be true that uc = zym, where zim isthe mt" zero of Ji(r). Let
Ukm = Zxm/C. Then we have byJk(ukmc) = 0 for any by, and Jn(unmC) = O for n # k. It follows that all
an and b, for n # k must be zero, and substituting back in our expression for u(r,8),gives us two
independent eigenfunctions corresponding to tym. They are Jx(ukmr) coskd and Jy(timr) SiN6.

To summarize: there is a two dimensiona array of eigenvalues, uZm, With tinm = Zam/C, where znm
is the m" zero of J,. The corresponding eigenfunctions are Jo(uomr) , and Jx(uwmr) coskd and
Jk(uimr) Sinké for k > 1.



