Math 2507B  Quiz Three Solutions

1. Find the flux of the function F(x,y,z) = xi + yz3j — 3xk upward through the surface cut from
the cylinder z = 4 — x2 by theplanesy = 0,y = 1,and z = 0.

For avector description, smply chooses = xandt = y:
r(sit) =si+tj + (4-s?k, with —2<x<2 and0<y<1
Let’s compute
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Note that the z component of this vector is aways positive, so that thisis the orientation specified.

Now,
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2. The solid R is bounded by the surface S and the outward flux of the function
F(X,y,2) = 2xi + 5y] — zk through the surface Sis 102. Find the volume of R.

Gauss's Theorem tells us that



[[Fedr = [[[ divFav

S R
Thus,

”F-dr =102=m(2+5—1)dV=6j£jdv.
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Hence,

vqumeofRz'”.J.dV:14;2 = 17.
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3. Let Sbe the surface consisting of that part of the cylinder x? + y? = 1 between the planesz = 0
and z = 1 together with the hemisphere x> +y2 + (z—1)? =1, z> 1. Find the flux outward
through Sof the function F(x,y,2) = ye + Z + (z+ 1)k.

If we add a”bottom”, S = {(X,y,2) : X*> +y? < 1} to the surface S, the result is a closed surface
T=SUS. Wenow appeal to Gauss's Theorem to get

jgdidevijjF.dr.

But, divF = 1, so we have

ij.dr=ij.dr+HF.dr=j£jdv.
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Now, [[[dV is smply the volume of the cylinder together with the volume emclosed by the
R

hemissphere. The cylindricd volume is #r?h =, while the hemispherical volume is
14ar8 = 2x. Thus[[[dV = 7+ 27 = 27, and we have
R
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Now, [[F « dr is easy to compute:
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A vector description of S is simply r(s,t) = s +tj, with domain D the region s? +t2 < 1. The
outward pointing normal isjust k. Thus

HF-dr:HF(s,t).de
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= _”dAz areaof D =r.
Finally, D



“F o dr :%E—J.J.F o dr =%7r—1t =%7r.
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4. The quadrilateral Q has vertices (0, 0), (0,5), (5,6), and (4,0), and the triangle T has vertices
(1,1, (3,2), and (2,3). Findthe are of theregioninside Q that isalso outside T.

Use the formula we derived from Green's Theorem for the area enclosed by a polygon with
vertices (X1,Y1), (X2,¥2), .., (Xn, Yn):

n-1
area = % |: iZ;(Xi + Xiy1)(Yiss — Yi) + (X2 +Xn)(Y1 = Yn) :|

Thustheareaqof Qis
q= %[(4+0)(0—0)+(5+4)(6—O)+(5+O)(5—6)+(0+0)(0—5)]
)
5
and the areat of thetriangleis
t= %[(1+ 2-1)+B+2)B-2)+2+1)(1-3)]
_3
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Thus the area of the region inside Q and outside Tis 2 — 3 = 2 = 23,



