Chapter Ten - Convex Sets, Simplices, and All That

Definition. Suppose S is a subset of a real linear space. A welghted mean of S is a linear

combination Zts,, in whichs; € S,and¢; > 0fori =0,1,...,kand Zt, =1.
=0 i=0
Proposition 10.1. The collection of all weighted means of a set is a convex set.

Proposition 10.2. If S is convex and x is a weighted mean of S, then x € S.

Definition. Suppose S is a subset of a real linear space X. The set
[S]=N{K c X: K>S, and K convex}

is called the convex hull of S.

Theorem 10.3. Suppose S is a subset of a real linear space. The convex hull of § is the set of
all weighted means of S.

Theorem 10.4. Suppose K is a convex subset of a topological linear space. Then the closure of
K is also convex.

Definition. The convex closure of a subset of a topological linear space is the closure of its
convex hull.

Theorem 10.5. The convex closure of S is the intersection of the collection of all closed
convex supersets of S.

Theorem 10.6. Suppose S is a compact subset of R” with the usual topology. Then the convex
hull of S is compact.

Definition. The convex hull of a finite subset of R” is a convex polyhedron.

Definition. Suppose F = {ag,a1,...,a;} is a linearly independent subset of R”. The convex
hull of F is a k-simplex and the a; are known as the vertices of the k-simplex.

Definition. If [{ao,a1,...,ar}] is a k-simplex, the convex hull of a subset of {a¢,a1,...,ax} is
a face of the simplex.

Definition. If S; = [F] is a k-simplex and G — F is a proper subset of F, then [G] is a proper
face of S; and [F\G] is the face opposite G.



Theorem 10.7. Suppose Sk = [{ao,a1,...,ax}] is a k-simplex. Then

k k
Sk = {Zf;‘ai :t; >0, and Zt[ = 1}
i=0 i=0

Moreover, if for x € Sy,

k k
X = Ztiai = Zsial-,
i=0 i=0
thent; = s; foralli = 0,1, ...,k

Definition. Suppose Si = [{ao,a1,...,ar}] is a k-simplex and x € S;. Then the unique ¢#; such
k

that x = Z tia; are the barycentric coordinates of x.
i=0

Definition. If Sy = [{ao,a1,...,ar}] is a k-simplex, the set

k k
Ti = {Zf[a,' 1t >0, and Zl‘,’ = 1}
i=0 i=0
is called an open k-simplex, and is denoted ({ao,a1....,axr}).

Note. It is customary to omit the curly brackets and write [ao,ai,...,ar] instead of
[{ao,ai,...,ary] and (ao,ai,...,ar) instead of ({ao,ai,...,ar;). We shall follow this very
sensible custom.

Definition. If 7, = (F) is an open simplex and G < F, then (G) is called a face of 7.

Definition. Suppose S is a simplex. An open face of S; is a face of the open simplex having
the same vertices as Sk.

Proposition 10.8. Suppose Sk is a simplex and x € Si. Then x is contained in exactly one open
face of Si.

Definition. Suppose Sy is a simplex. A triangulation of S is a collection T of open simplices
such that

1)Sy = UT;

i1)if 7 € Tand R is a face of 7, then R € T; and

iii)the collection T is pairwise disjoint.

Theorem 10.9. Let T be a triangulation of the simplex S = [ao,a1,...,ax], and let V be the set
of all vertices of T. Suppose f: V — {aop,ai,...,ax; is a function having the property that for
each v € V, f(v) is a vertex of the open face of S which contains v. Then there is an element
T = (F) € Tsuch that {AF) = {ao,ai,...,axr;.



Note. This is the celebrated Sperner’s Lemma.

Proposition 10.10. Suppose F is a finite collection of closed subsets of a compact
pseudometric space X such that X = UF. Then there is a 6 > 0 so that if A < X has diameter
<o,thennN{Fe F:FNA=+0; +0.

Proposition 10.11. If S is a simplex and € > 0, then there is a triangulation T of S every
element of which has diameter < €.

Proposition 10.12. Let S = [a¢,a1,...,a;x] be a simplex, and let Fo,Fi,...,F; be closed
subsets of S such that for each <ij,iz,...,i;) < {0,1,...,k}, it is true that
[ail,aiQ,...,ai,] C Fil UF'i2 UUFZ, Then ﬂ{Fl = 0,1,...,k} + 0.

Note. This is yet another famous result: the Knaster-Kuratowski-Mazurkiewicz Covering
Theorem.

Proposition 10.13. Let S = [ao,ai,...,ar]. For each j=0,1,...,k, define the function
k

¢+ S —[0,1]byci(x) = ¢ Zgziai = t;. Then each ¢; is continuous.

Proposition 10.14. Suppose S is a k-simplex and /' : § — S is a continuous function. For each
i=0,1,....k let F;={xeS:ci(flx)) <ci(x)}, where ¢; is defined in the previous
proposition. Then N{F; : i = 0,1,...,k} # 0.

Theorem 10.15. Suppose S is a k-simplex and f': § - S is continuous. Then f{x) = x for some
x €S

Note. This is the Brouwer Fixed Point Theorem, one of the most celebrated of all theorems.



