Math 4320A Final Examination Winter 1999

You may use any books, notes, tables, or calculators you wish. Give exact answers—do not give decimal or other
approximations. Fortuna vobiscum.

1. Find dl valuesofi'.

il = eilogi — ei(ln|i|+argi) — ei(n/2+2kn)i — e‘(1+4")”’2, fork = 0,+1,+2,....

2. Evaluate I(z+ 22)dz, where C is the path from z=0to z= 1+ 2i consisting of the line
C
segment from O to 1 together with the segment from 1to 1 + 2i.

I(z+ 22)dz = f(z+ 22)dz + f(z+ 22)dz, where L; is the segment from 0 to 1, and L is the

segment from 1 tol+ 2i.
A complex deﬁcrlptlon of L1 issmply yl(t) =t for0<t<1 Thus,

[(@z+22)dz = j(yl(t) +2y1(0)y L (Hdt = j(t+2t)dt = 3t2| =3

L1

A complex deﬁcrlptlon of Lyisya(t) = 1+ 2ti,for0 <t < 1. Thus,
1 1

[@+22)dz = [(y2(t) + 2y2(0)y5(t)dt = [(1+2ti + 2 4ti)2idt
Lo 0 0

1
= [(6i + 4t)dt = 6i + 2.
0
Hence,

I(z+22)d2— I(z+22)dz+ I(z+22)d2— = + 6.

Ly Lo

3. Show that the function f defined by

@ sz for z+0
1 for z=0

isanalytic at z = 0, and find the derivative f'(0).

For dl z, wehavesinz = z— 2 + 2 — ... Thus,

: 2 4
snz _ z z
=55 = 1- ar +—5|

and we see that



isthe limit of a power seriesvalid for al z. Hencef is, in fact, entire, and we see that f'(0) = 0

4. Let

f(2) = -t —.
@ Z%(z+ 2i)
a)Find a Laurent series in powers of z which converges to f and specify the region on which the
Series converges.

1 _ 1, 1
Z?(z+2) 22 (z+2)

Now,

11 _ AN Dz
(z+2i) 2i |: 1+ :| [ kZ: (2i) , for | 2i | <lorp <2

Z
2

We now have the Laurent series

2 (L1)kgK 1)kzk-2 1)k+2 )
f(2) = 2—12% > ((2i))"z Z ((2|))"Z+1 Z ((2|))"+3Z ,vaidfor0 < |z] < 2.

k=0 k=0 k=—2

b)Find another Laurent series in powers of z which converges to f and specify the region on which
the series converges.

Here consider,

1 _1[ 1 ] 15 D@D | 5 (CDM@D (=D 1(2i)
(z+21) _7[1+% } ‘TZT ‘ZT ZT

k=0 k=1

Thisisvaidfor |2 | < 1,0r 2 < [z]. Then,

f(X) 1 Z ( 1)k 1(2l)k ! iw = Z ( 2I) f0r2 < |Z|

k+2
k=1 4 k=3

5. Suppose Cisthecircle|z| = 5 with the usua positive orientation. Evauate the integrals:

a)
E[sin(%)dz.

There is precisely one singular point inside C and so the value of the integral is 2rzi times the



residue at this point, z = 0. The Laurent expansion here is easy—it s smply

Theresidueisthus 1, and so

b)

The Laurent seriesat 0 is

in(ly-1--1 .1 _
zsn(z) =1 3!22+5!z4

and so theresidue at 0 is 0. Hence,

J.zsin(%)dz = 0.

C

c)
J.zzsin(%)dz.
C
Here we have
zzsin(%) = z—ﬁ + 5!123 —
and we see theresidueis 5+ = —%. Hence,

jzzsn(%)dz - 2ni(——61) - —%i.

C



